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Abstract 

Limit theorems are presented for the rescaled occupation time fluc- 
tuation process of a critical flnite variance branching particle system in 

with symmetric a-stable motion starting off from either a standard 
Poisson random fleld or the equilibrium distribution for critical d = 2a 
and large d > 2a dimensions. The limit processes are generalised Wiener 
processes. The obtained convergence is in space-time, finite-dimensional 
distributions sense. With the addtional assumption on the branching law 
we obtain functional convergence. 
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1 Introduction 



The basic object of our investigation is a branching particle system. It consists 
of particles evolving independently in M."^ according to a spherically symmetric 
a-stable LAl'vy process (called standard a-stable process), < a < 2. The 
system starts off at time from a random point measure M. The lifetime of a 
particle is an exponential random variable with parameter V. After that time 
the particle splits according to the law determined by a generating function 
F. We always assume that the branching is critical, i.e., F'{0) = 1. Each of 
the new-born particles undertake the a-stable movement independently of the 
others, and so on. The evolution of the system is described by (and in fact 
can be identifled with) the empirical (measure- valued) process N, where Nt{A) 
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denotes the number of particles in the set ^ C M*^ at time t. We define the 
rescaled occupation time fiuctuation process by 



where T is a scaHng parameter which accelerates time (T — > + oo) and Fj^ is 
a proper deterministic norming. Xt is a signed-measure-valued process but 
it is convenient to regard it as a process in the tempered distributions space 
S"(R''). The objectives are to find suitable Ft such that Xt converges in law 
as T ^ +00 to a non-trivial limit and to identify this limit. This problem, or 
its modifications (e.g. its superprocess or discrete versions) has been studied 
in several papers ([lO], [3], [12], the list is not complete). Typically, the initial 
configuration M was a Poisson measure, in most cases a homogeneous one, i.e. 
with the intensity measure A=Lebesgue measure, and the branching law was 
either binary or of a special form, belonging to the domain of attraction of a 
(1+/3) stable distribution (0 < /? < 1). We consider a general branching law with 
finite variance and the initial measure M is either Poisson homogeneous or is 
the equilibrium measure of the system. In what follows, we will use superscripts 
Poiss (e.g., iV^°'''*) or eg (e.g., X!j?) to indicate which model we are dealing 
with. 

It is known [ll] that an equilibrium measure Af '^'^ of our branching system exists 
provided that d > a. In [12] the case of intermediate dimensions a < d < 2a 
was considered. It was shown that the limits (in the sense of the convergence 
in law in C([0, r], S"(M'')), r > of X^"''" and are different; they have the 
form /•STA^, where K is a constant and ^ is a real Gaussian process which in the 
Poisson case is a sub-fractional Brownian motion, while in the equihbrium case 
it is a fractional Brownian motion (see [5] for the definition and properties of 
the sub-fractional motion). 

In the present paper we consider the case of critical (d = 2a) and large (d > 2a) 
dimensions. It turns out that now the limits of X^"^'''' and X'^'' coincide, for 
d= 2a the Hmit is KXf3 where /3 is the standard Brownian motion and if d > 2a 
then the Hmit is an S"(R'^)- valued Wiener process. Moreover, these limits are, 
up to a constant, the same as those obtained in [^ for the Poisson system with 
binary branching. The method of the proof is similar to that employed in [7], 
based on the so-called space-time approach, but in the present case some new 
technical difficulties appear, especially in the study of the system in equihbrium. 

2 Results 

As mentioned in Introduction our basic state space is the space S'(R'^) of tem- 
pered distributions, dual to the space S'(M'') of smooth rapidly decreasing func- 
tions. Duality in the appropriate spaces is denoted by (■,■). Three kinds of 
convergence are used. Firstly the convergence of finite-dimensional distribu- 
tions, denoted by =J>/. For a continuous, S"(M'^)- valued process X = {Xt)t>o 




(1.1) 
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and any r > one can define an 5'(M'^"'"^)-valued random variable 

/ $e5(]R'^+i) (2.1) 

Jo 

If for any r > X„ ^ X in distribution then we say that the convergence in 
the space-time sense holds and denote this fact by =>i. Finally, we consider 
the functional weak convergence denoted by Xn X. It holds if for any 
T > processes X^ = {Xn{t))t£[o,T] converge to X ~ (X(t))tg[o_r] weakly in 
C([0, t], iS'(M'')). It is known that =>i and ^/ do not imply each other, but 
either of them together with tightness implies =>c ([II)- Conversely, =>c implies 
both =>i, =J>/. Consider a branching particle system described in Introduction. 
Denote (recall that F is the generating function of the branching law) 

m = F"(l) (2.2) 

We start with the large dimension case. 

Theorem 2.1. Assume d > 2a and let Ft = . Assume that the initial 
configuration of the system is given either by a Poisson homogeneous measure 
or by the equilibrium measure and let Xt be defined by i.e. Xt = X^p"'^^^ 

or Xt = X^ . Then 



1. Xt X and Xt X as T ^ +oo 

where X is a centered S' -valued, Gaussian process with the covariance 
function 

1 r r 2 Vm 
'2^ .LAW^2U\ 



Cov i{X,,ipi) , {Xt, ^2)) = isAt)— I {— + ) <^(z)(^(z)dz 



where fi,f2 ^ S (R'^) . 
2. If, additionally, the branching law has finite the fourth moment then 

Xt =>c X as T ^ +00 

For the critical dimension we have the following theorem 

Theorem 2.2. Assume d ~ 2a and let Ft = (TlogT) 2 . Assume that the initial 
configuration of the system is given either by a Poisson homogeneous measure 
or by the equilibrium measure and let Xt be defined by (QHP, i-e. Xt = X^°'^^^ 
orXT = X^p\ Then 



1. Xt^j X and Xt X as T 
where 



T/\ 1/2 



X = [ —j CAf3 

/rl\ \ -1/2 



and (3 is a standard Brownian motion. 
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2. If, additionally, the branching law has finite the fourth moment then 

Xx =>c X as T ^ +00 

Remark 2.3. (a) It is unclear if the assumption of the existence of the fourth 
moment is necessary for the functional convergence in both theorems to 
hold. One can see that only the second moment influences the result. In 
the proof below the assumption is only used in the proof of tightness of 
family Xt- (see also Remark [331) • 

(b) The Hmit process X in Theorem 2.1 is an S"(Ili'')- valued homogeneous 
Wiener process. 



3 Proofs 

3.1 General Scheme 

3.1.1 Space-time convergence 

We present a general scheme which will be used in the proofs of both theorems. 
It is similar to the one employed in [12] and [?]• Many parts of the proofs 
are the same for 7V^°'''*-system starting from a Poisson field and A^^'^-system 
starting from the equilibrium distribution hence we will omit superscripts when 
a formula holds for both of them. Let Xt be the occupation time fiuctuation 
process defined by l|l.ip . Firstly we establish the convergence in the space-time 
sense. Let us consider Xt defined according to l|2.ip . We show the convergence 
of the Laplace transforms 

lim Ee"(-*^'*) = Ee-(-^^*), $ e S(R'^+^), $ > 0, (3.1) 

T-»+oo \ J, — , 

where X is the corresponding limit process. This will imply the weak conver- 
gence of Xt since the limit processes are Gaussian ones (see detailed explanation 
in [6]). The purpose of the rest of this section is to gather facts used to calcu- 
late the Laplace transforms and to show convergence l|3.ip . To make the proof 
shorter we will consider $ of the special form: 

$(a;, t) = (p{x)il;{t) ip £ 5(K'*), V e 5(R+), > 0, > 0. 

We also denote 



ipT 



We write 



X{t) - ^ mds, xHt) - x(|)- (3.2) 

^{x,t)^p{x)x{t), (3.3) 
■^T{x,t) = ^T{x)xT{t), (3.4) 
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note that ^' and '3>t are positive functions. For a generating function F we 
define 

G(s) = F(l-s)-l + s. (3.5) 

We will need following properties of G (we omit proofs which are straightfor- 
ward) 

Fact 3.1. 1. G{0) = F{1)-1 = 0, 

2. C (0) = -F' (1) + 1 = 

3. G" (0) = F" (1) < +00, 

4- G (v) = + g (v) where m is defined by ^2. 2\} and lim^.^o 9 (v) = 0. 

5. G""(0) < +CXD and G^^ (0) < +oo if the law determined by F has finite 
the fourth moment 

Let us recall classical Young's inequality 

ll/*5llp< ll/ll,JI.9ll5„ (3.6) 

which holds when - = — + - — 1, qi,q2 > I. 

Now we introduce an important function used throughout the rest of the paper 

v^{x,r,t) = l- Ec^pl^- (iVf,*(-,r + s))ds| (3.7) 

where denotes the empirical measure of the particle system with the initial 
condition N§ = 6^;. satisfies the equation 

(x, r, t) = [ Tt-s (•, r + t - s) (1 - (•, r + i - s, s)) - VG (u* (•, r + < - s, s))] (x) ds. 
Jo 

(3.8) 

The equation can be proved using the Feynman-Kac formula in the same way 
as O Lemma 3.4]. We also define 

n^{x,r,t)^ [ Tt-s'^{-,r + t-s){x)ds. (3.9) 
Jo 

Since we consider only positive ^' hence l|3.7p and l|3.8p yield 

<VTix,r,t) <nT{x,r,t) (3.10) 
where, for simplicity of notation, we write 

VT ix,r,t) ^ v^^ {x,r,t) , (3.11) 

riT {x, r, t) — n^r^ (x, r, t) , (3.12) 

vt{x) = vt{x,0,T), (3.13) 

nrix) =nT{x,0,T) (3.14) 

when no confusion can arise. 
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Fact 3.2. Tlx {x, T — s,s) ^ uniformly in x G , s G [0, T] as T ^ +oo. 

The proof is the same as O Fact 3.7]. 
We also introduce function Vr- It is defined by 

Vt{x, = 1- ^exp {(Nj" Mil - vt))) (3.15) 

and fulfills the equation 

Vt (x, I) = TiVT (x) ~V f Ti^^G [Vt (•, s)) {x) ds. (3.16) 
Jo 

It satisfies (details can be found in O Section 3.2.2]) 

< Vt {x, I) < TiVT {x) , V,gK.,i>o. (3.17) 

Now we can write the Laplace transforms (see [H Section 3.1.2, 3.2.2] for 
calculations) 

Ee-(*f°'"'*) =e^(^) (3.18) 

and 

Ee-(^- ■*) = e^(^)+^(^) (3.19) 

where 

A{T)^[ I ^Tix,T-s)vTix,T-s,s) + VG{vT{x,T~s,s))dsdx, 
Jr'' Jq 

(3.20) 

B{T)^V / G{VTix,t))dxdt. (3.21) 
Jo Js.'' 

We consider the following decomposition of A{T) 

A{T) = exp {V {h (T) + h (T)) + h (T)} , (3.22) 



where 

h (T) : 



I I "ii I {-.T + u-s) {x) dii) dxds, (3.23) 

Jo JRd 2 \Jq J 



Jw 



G{vt {x,T - s,s)) ~ y 



[ Tu'^t{-,T + u- s){x)du 
Jo 



dxds, 
(3.24) 



/g (T) = / / l-T {x, T~s) VT {x, T-s,s) dxds. (3.25) 

Jo Jm'' 

We claim that in the case of large dimensions {d > 2a) we have 

/2(T) ^ (3.27) 

^3(7^) TTTw / / {r ^r')i;{r)i;{r')drdr' [ ^^dz (3.28) 



i^^rJo Jo 
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Using decomposition l|3.22p we obtain the limit of A(T) and consequently the 
one for the Laplace transform (|3.18p . This establishes the space-time conver- 
gence of the Poisson-starting system considered in 1) of Theorem 12.11 
Analogously, in the critical case (o? = 2a) , we obtain the corresponding conver- 
gence in 1) of Theorem 12.21 once we show 



hiT) ^ J\r A r')V(r)V'(r') (^^^ ^(x)dx) (3.29) 

/2(r),/3(r) ->o (3.30) 

The Hmits (|3?26l) - l(330| will be obtained in Section [321 and Section [331 
Now we proceed to the case of the equilibrium-starting system X^. In both 
Theorem 12. H and Theorem 12.21 the limits are the same as in the X^°'^'"' case. It 
follows immediately from p.l9p that that fact will be proved when we show 

B{T) 

Let us first observe an elementary fact that uniform convergence Vt(-, •) as 
T +0O holds. It is a direct consequence of Fact 13.21 and the combination of 
inequalities l|3.17p and p.lOp . This together with Fact [331 yields 

B{T)<cj / {TtnT{x)f dxdt, (3.31) 

Let us denote the right-hand side of (|3.3ip by Bi {T) . Now we need to obtain 

lim Bi(T) = 0. (3.32) 



which is again put off to Section 13.21 and Section 



3.1.2 Finite dimensional convergence 

A similar method, based on the Laplace transform, can be applied to prove the 
finite distributions convergence. Indeed, for a sequence < ti < t2 < ■ ■ ■ < tn < 
T and functions (pi, (/J2, • • • , S 5(IR'^), ipi > we write the Laplace transform 

Eexp |^^(Xr(i,),(^,)j. (3.33) 

The key observation is that, formally, 

n 
i=l 

if <& = V'i^ti (which coresponds to '^{x,s) = X]r=i (-'-)-'- [o,ti] (*)) recall 

definition ([3T3l) ). 
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It appears that the Laplace transforms (|3.18p . (|3.19p and formulae l|3.8p . I|3.16p 
are still valid for $ and The proof for the Poisson-starting system is simpler 
version of the one presented below and is left to the reader. We employ an 
approximation argument. Consider $„ <I> where $„ £ S{R'^^^), additionally 
assume that the sequence is chosen such that \E'"(x,t) = s)ds is 

nondecreasing 5"" < To keep the proof short we adhere to the following 

notation, symbols with (without) the superscript n will denote functions defined 
for and (resp. $ and (eg. w" := v^J,,^ given by (|X8)) ). T is fixed and 
hence is omitted where possible. 

The first assertion is that V{x,l) satisfies equation p.l6p . Definition l|3.15p 
implies that V"'{x,l) V{xJ) (pointwise) which follows immediately from 
v'^ ^ V (left to the reader) , inequality < u < 1 and the dominated convergence 
theorem. By assumption <i>" G 5(R'''''^) and T^" satisfies the equation. Passing 
to the limit n — > +oo and employing the dominated convergence theorem to the 
right side of the equation completes the proof. 
Now we turn to the Laplace transform (|3.19p . It is obvious that 

limEe-(*?''*") =Ee-(^-^*). 

n 

One can see that formula l|3.19p for $ will be justified if only ^" — > A and 
— > B. To show the first one is left to the reader. It is straightforward 
to check that $" < $"+1 implies Vn < Vn+i and that G is nondecreasing. 
A standard application of the monotone convergence theorem completes the 
proof. The finite distributions convergence is thus established. Indeed, the 
above argumentation allows the calculations from Section 13.1.11 to be repeated 
for $ = fi^ti which implies the convergence of the Laplace transform 

l|3.33p and consequently the finite dimensional convergence in 1) of Theorem 1 2. II 
and Theorem [121 

3.1.3 Functional convergence 

In this subsection we present a general scheme of the proof of the functional 
convergence. The assertion follows immediately from the part 1 of the Theorem 
12.11 or Theorem 12.21 respectively, if we prove that {Xt,T > 2} is tight in 
C([0, 1],4S'(R'') (with no loss of generality we consider t = 1). Generally, we 
follow the lines of the proof of tightness in Theorem 2.2 in [?]• However, in our 
case new technical difficulties arise because of a more general branching law. 
Some estimates are more cumbersome and some extra terms appear. Moreover, 
we establish tightness for which was not investigated in [7]. This requires 
even more intricate computations than in the Poisson case. 
By the Mitoma theorem |12[ Mitoma 1983] it suffices to show tightness of the 
real processes {Xt, f) for all (p G S (M'') . This can be done using a criterion [H 
Theorem 12.3] 

EiiXrit), p) , {Xris), < C{t - sf. (3.34) 
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Let {'4>n)n be a sequence in iS(M), denote Xn{u) = '4>n{s)ds . It is an easy 
exercise to show that the sequence ('(/'„)« can be chosen in such a way that 

0<Xn <![.,*] • (3.35) 

A detailed construction can be found in [7]. 
Denote $„ = 1^9 (g) V'n ■ We have 

lim {Xt, $„) = f) ~ {Xt{s), if) 

n — *+oc 

thus by Fatou's lemma and the definition of ijjn we will obtain l|3.34p if we prove 
(C is a constant independent of n and T) that 

E<Jxt,$„)^ < C{t-sf. 

From now on we fix an arbitrary n and dentote $:=<&„ and x •= Xn- By 
properties of the Laplace transform we have 

Hence the proof of tightness will be completed if we show 

^|e=oEe-'^<^"'*) <C(t-,s)2, (3.36) 

The rest of the section is devoted to calculate the fourth derivative of the Laplace 
transforms ijSTTSl) and ([3A91) . 

Here and subsequently A{e,T) and B{e,T) will denote ((3?20|) and l(MT|) taken 
for '^B,T = Q'fT ® XT {'-Pt and xt are defined bv l3.2p . i.e., 

A{6,T) ~ / 9(pTix)xTiT'-s)v^s,|| ^ {x,T — s, s)+VG [v^!,g ^ {x,T — s, s)) dsdx, 
Js.'' Jo 

B{e,T) = V / G {V^bej. {x,t)) dxdt. 

Jo Jm'' 

Remark 3.3. This is the point where we need the existence of the fourth mo- 
ment of the branching law. Note that in the case of the binary branching law 
(model investigated in ^) the fourth moment is obviously finite. The formulae 
derived below are consistent, but more compHcated that the ones considered in 
[7]. This makes the computation here significantly longer and, moreover, some 
new technical difficulties arise especially in case of critical dimensions. New 
arguments and estimations were required to cope with them. 
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A trivial verification shows that A{0,T) = 0, A'{0,T) = 0, B{0,T) = 0, 
B'{0,T) = hence 

and 

^gA(e,T)+B(e,T)|^^^ = A^^(0, T) + B^^(0, T) + (A"(0, T) + i?"(0, T))' . 

Now taking into account l|3.36p . to demonstrate tightness, it suffices to show 
that 

A"{0, T) < C{t - s), B"{0, T) < C{t - s) (3.37) 
A^^(0, T) < C{t - s f, B^^{0, T) < C{t ~ s)2 (3.38) 
It will convenient to denote 

v{9) ~ v{9){x, T ~ u,u) ~ t'*;, -r {x, T ~ u,u) 

V{0) = V{9){x,t) = V^, ^{x,T -u,u) 

Using the properties from Fact 13.11 

A"{0,T) = 2 [ [ ipT{x)xT{T ~u)v'{Q)dxdu + Vm I [ {v'{0)fdxdu 
Jo Jw^ Jo Jr"^ 

A'^{0,T)^4f f ipT{x)xT{T -u)v"'{{))dxdu + Vl [ [ {v'{Ojfdxdu 
Jo Jr'' Jo Jr'' 

+ 6Vk [ ( {v'{Q)fv"{Q)dxdu + ZVm [ [ {v"{Q)fdxdu 
Jo Jr'' Jo Jr'' 

+ 4:Vm [ [ V {0)v"' {0)dxdu 
Jo Jr'' 

Similarly 

B"(0,T)^Vm[ [ {V'{0)fdsdx 
Jo Jr-^ 

B^^{0,T) = VI / {V'{0)fdxds + 6Vk / V"{0){V'{0)fdxds + 

Jo Jr'' Jo Jr'' 

Wm / / {V"{0)f dxds + AVl / / V iO)V'" {0)dxd^.39) 
Jo Jr'' Jo Jr'' 

Derivatives of v{6) and V{9) at = are given by 

PU 

v'{Q){x,T-u,u)^ / %-s[M-)xt(T - s)]{x)ds (3.40) 
Jo 
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v"iO){x,T-u,u) = ~2 / Tu-s[M-)xt{T - s)v'{0){;T - s,s)]{x)ds 
Jo 

-mV f T^.s[iv'iO)i-,T-s,s)f]{x)ds 
Jo 



v"'{0){x,T-u,u)^-3 / Tu^s[M-)xt{T - sy{Q){-,T - s,s)]{x)ds 



-kV / Tu-s[iv'm;T~s,s)f]ix)ds 
Jo 

-3mV [ %.,[v'iO){;T - s,s)v"{0){;T - s,s)]{x)ds 
Jo 

V'{Q)(x,s)=%v'{Q){x,0,T) 
V"{0){x, s) = %v"mx, 0, T)-Vm j %-u ((^'(0)(-, u)f) du (3.41) 



l/^^(0)(a;, s) = %v"mx, {),T)-V f 7i_„ (sm^ (0)(-, u)V"m-,u) + k (y"'(0)(-, u))') 



du 



3.2 Proof of Theorem 2.1 



We follow the scheme described in Section [3.1.11 for the large dimensions case. 
Ii does not depend on F so p.26|) can be obtained in the same way as in [3 
(3.15)]. 

We will turn now to (|3.27p which is a little more intricate. Combining l|3.24p 
and decomposition of G from Fact 13.11 we acquire 



(3.42) 



where 



I21 (T) = / / vt {x,T — s, s)^ — i / Tu'^T {'jT + u ~ s) {x) du\ dxds, 
Jo Jr'' \Jo J 

(3.43) 



I22 (T) 



g [vt {xj T — s, s)) vt {x, T ~ s)^ dxds 



(3.44) 



We have the following inequalities (proofs are straightforward and can be found 
[la Section 3.1.3]) 

<?iT {x, T — s,s) ~ VT {x, T — s, s) < 



C T,^ 



{'^T — u)nT {■,T — u^u) + riT {-^T — u^u) {x)du (3.45) 
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riT {x, T — s, s)+VT (x, T — s, s) < 2nT {x,T — s, s) < 2 / Ts-^u^t i'jT ~ u) (x) du. 

Jo 

(3.46) 

By l|3.43p we have 

< —l2i{T) / / {nT{x,T~s, s)—vt{x,T—s, s)){nT{x,T~s, s)+vt{x,T—s, s))dsdx 

Jo JR<i 

We use l(05)) and (|X46l) obtaining 

-/2i(T)<c(/2ii(r) + /2i2(r)) 



where 



Ts^u i'^T {■,T - u)nT {-^T - u, u)] {x) du] i %^u'^t {■,T -u) {x)du ) dxds, 



l2n{T)= r f (f 
Jo Js.'i \Ja 

l2i2{T) = J J Ts-u nT{-,T-u,uf {x)di?j^J Ts-u^t {■,T - u) {x)di?j dxds. 

One can see that /211 and /212 coincide with Ji and J2 from [7] (see (3.20) and 
(3.21)) hence by the proof therein 

lim /2i(T) = 

Next we show that I22 0. Indeed, applying Facts 13.1) and 13.21 and inequaUty 
l|3.10p we obtain VoqBto such that Vt>To 

0</22(T)<e/i(T) 

which clearly implies /22 ^0. 

Finally we obtain (|3.28p . hiT)) can be split in the same way as [7|, (3.24)]. The 
only difference is that 

I'iiT)^ / ^t{x)xt{T-u) %^,G{v^^{-,T ~ s,s)){x)dsdxdu 

Jo JR'' Jo 

but G{v) is comparable with v"^ hence the rest of proof goes along the same 
lines. (Compare to [3 (3.27)]). 

Now we turn to the equilibrium case. As observed before, it suffices to prove 
l|3.32p . Using the Fourier transforms we get 

Bi{T)^C f -^{nTiz)fdz 
Jm-i \z\ 



It is not hard to see that 



I»t(z)|< %'"° '^J"/ ,/jg[0,a] 
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Hence we obtain 



\Bi{T)\<C—^ 



1 2/3 



dz. 



We take (3 such that < (3 but a + 2/3 < o? (it can be done because 2a < d). 
The first condition gives as 



7-2(1- 



p2 



as T 



and the second ensures that the integral is finite. This completes the proof of 
l|3.32p and consequently part 1) of Theorem 12. II 

Now we proceed to part 2). Firstly, we follow the scheme from Section [3.1.31 
The proof will be completed when we show inequalities l|3.37p and l|3.38p . It can 
be done by applying the expressions derived in Section 13.1.31 repeatedly. This 
results in many terms which have to be estimated separately. As an example 
consider (|3.39|) . take only its third term then substitute V"{Q,T) in it utilizing 
only the second term of l|3.4ip and finally eliminate f '(0, T) using l|3.40p . In this 
way we obtain 



R 



1 r 


[I'j-' 















J ^t-s3[^t{-)xt(T ~ S3)]ds-^ 



dsi dldx 



Other terms can be derived analogously. They can be estimated in the similar 
way as in [7] though some new difficulties arise and the number of terms is 
substantially bigger. To obtain estimates we need the following inequalities 



g-T(r-«)|^r^(-^>)^^ < ^ _ 0<U<1, 

t - S 



Ju 



e^^^'-"''^'^'' X{r)drdu < 



1 



1 



-T\z\' 



(3.47) 

(3.48) 
(3.49) 



They are easily proved using inequality l|3.35p . 

Now, to illustrate techniques required in estimations, we will carry out the proof 
for the term R which is perhaps the most impressive one. 

Firstly, we apply the Fubini theorem multiple times in order to separate the 
"time part" and the "space part" 

R= ////// XT{T-S3)xT{T-S4)xT{T~S5)xT{T-SQ)Sdseds5ds2ds4ds3dsidl 

Jo Jo Jo Jo Jo Jo Jo 

where 

Jw 
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By applying the Plancharel formula and definition l|3.2p we get 



y,^-iT-s,)\z2\'' ^-S2\z-Z2r p-{T~se)\z^Z2\'' _ z{)(p{z2)(p{z - Z2)dZ2dZidz 

The Fubini theorem yields 

R — T^^ I ip{zi)0{z— Zi)ip{z2)(fi{z— Z2) / ////// AdsQds^ds2ds4^ds3dsidldz2dzidz 
Jr3c! Jo Jo Jo Jo Jo Jo Jo 

where 

j\ _ g-('-Sl)|2rg-Sl|zi|°g-(T-S3)|zi|°g-Si|z-Zi|°g-(r-S4)|z-Zi|°g-(i-S2)|2rg-S2|22rg-(T-S5)|z2r 

^^_,,|,_,,r^_(T-.e)|z-z2r^^(y - S3)xt(T - s,)xt{T - S5)xT(r - Se) 

Subsequent application of inequalities l|3.47p , l|3.49p , (|3.47p , (|3.49p to integrals 
with respect to sg, S5, S4, S3 gives 

f ^ ^ ^ ^ 11 

i? < (t " s)^ / 'f{zi)(p{z - zi)ip{z2)'f{z - Z2)-. — 1-| — r-S{z,zi,Z2)dz2dzidz 



(3.50) 

where 

/• + CO A pi 

S{z,zi,Z2)= / / e-('-''i)l^l°e-'*il^il°e-"il^-^il°e-('-'^'l^l°e-''^l^=^l"e-"^l^-^^l°ds2dsid^, 

Jo Jo Jo 

(3.51) 

A trivial verification shows that 

S{z, zi, Z2) = <S'i(z, zi, Z2) + £'2(2, zi, Z2), 

where 

) = FTm inn V.I F^^^ FT 

2\z\ {\zi\ +\Z-Zi\ +\z\ )[\zi\ +\Z-Zi\ +\Z2\ +\Z-Z2\ ) 

1 

2 \zr {\z2r + k - ^2!" + i^r)(kir + k - ^ii" + + ^ - ■ 

Using p.52p we write the right-hand side of (|3.50p as i?i + R2, where Ri, R2 
have an obvious meaning. It is easy to see that 

u f+ ^2 / 'P{zi)^{z - Zl) ^{Z2)^{Z - Z2) 1 , , , 
Ri^{t- s) / dzidz2dz 

Jl{3d |zi| |Z - Zl|"/2 |Z2| IZ-Z2I 2|z|'^/2" 

Notice that function f{x) = is square-integrable. The integral with respect 
to Z2 is is equal to (/ * f){z). By Young's inequality p.6p it is easy to see that 
it is bounded (take gi = (72 = 2), hence 

f h{z) 



5'2(z, Zl, Z2) 
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where 

We may apply Young's inequality (|3.6p in two ways. Firstly taking qi = 2/3 
and 92 = 3 proves that h is bounded, secondly taking gi = (?2 = 1 shows that h 
is integrable. Hence 

Ri <C2{t-sf. 
The proof for i?2 goes along the same lines. 

3.3 Proof of Theorem 2.2 

As the proof for the critical dimensions in the Poisson-starting system case is 
similar the one in Section [321 we present only a sketch of the proof. Once again 
we follow the scheme described in Section fS. 1.11 p.29|) can be obtained in the 
same way as [71 (3.31)]. To prove the convergence l|3.30p of l2{T) one can follow 
the proof for the large dimension case and estimate arising terms /211 and /212 
in a manner presented in [7] for Ji and J2 in the critical case. Limit for the I3, 
is trivial. 

Now we turn to the equilibrium case. We need to show l|3.32p . 



Bi{T)^ r I (% [ Tt-s^Vt{x)xt{T - si)dsA (% [ Tt 
Jo Js.'' \ Jo / V 



,_iPt{x)xt{T - S2)ds2 dxdt 



/ / / Xt{T-si)xt{T-S2) / Tt+T-siVT{x)%+T-s2VT{x)dxdsids2dt. 
Jo Jo Jo Jr'' 



By applying the Fourier transform we have 

r + 00 fT fT 



^i(^) = 7T^/ / / Xt{T-s,)xt(T~S2) e(*+^-^i)l^l°e(*+^-^=)'^l°|(?TW|'dzdsids2di. 

{^■^r Jo Jo Jo Jr" 



Integrating with respect to t yields 

A 

where 

[Jo ^ 

Derivative of At with respect to T is given by 



Bi{T)=ci-^, (3.52) 



S\Z\ 



ds dz. 



|z|« 

In the critical case a = | so substituting z = z' we obtain 

^ Jr^ i^r ^ ^ 
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stant C2 



is bounded and 



is integrable hence there exists a con- 



A't < C2. 



We obtain the limit of Bi{T) using I'Hopital's rule ( F| = TlogT) 



C3 



lim Bi (T) = ci lim — 2^ < lim ■ 

T ' ' T (^F^y - T logT + 1 

This completes the proof of part 1). To show part 2) we, similarly as in the 
proof of Theorem l2.H follow the scheme from Section [3.1.3l In the same way we 
evaluate the terms arising from l|3.37p and (|3.38p . Although the techniques to 
estimate them are similar to the ones presented in we deal with more terms. 
We need the following estimates 



/(^) 



logT, 

for / bounded and integrable, 



1 - 



dz < c{f), 



(3.53) 



1 



logT 



^{Z - Zl) 



for (fi rapidly decreasing. 



logT 



^jz - Zl) 
|z-zi|" 



1 -e" 





1 


\_^-T\z,r 




\zi\- 




^-T\z-zir 


•fizi) 











dzi < c{ip), (3.54) 



dzi < f{z), (3.55) 



where / is integrable and bounded. 

Inequalities l|3.53p and l|3.54p follows easily from I'Hopital's rule. To show l|3.55p 
it sufHces to observe that boundedness is a direct consequence of l|3.54p . The 
fact that / G £^ follows from Young's inequality applied to 



lp{z - Zl) if{zi) 
\z~zi\'^ |zi|" 



dzi. 



Finally, to illustrate problems arising in the critical dimension case, we show 
one example. Let us take the fourth term in B^^ (0) (see [339]) 



+ 00 



V'"{0){x,l)V'{0){x,l)dxdl. 
One of terms resulting from its evaluation is 



R 



/• r+oo 










v'{0){x,si) f 


/E<* Jo 


Jo 


Jo 



[v'{0){x, S2)v'{x, S2)] {x)ds2 



{x)dsi 



(x) 



Ti[v'{0){x,T)] {x)dldx. 
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We substitute f '(0) and change the order of integration 

r-\-oo nT nsi ns\ nS2 rS2 rT 

/ / / / / / XT{T-S5)xT{T-S3)xT{T-S4)xT{T-Sf:,)Sdseds4ds3ds2ds5dsidl, 
Jo Jo Jo Jo Jo Jo Jo 

where 

[ Ti [Tt-s, IM-)] K,-.3 iM-)] %.~s, [^t(-)]]]] Ti [Tt^,, [^t(-)]] dx. 

Jw 

By applying the Fourier transform we obtain 

S = g-ll^l" g-iT-Si)\z\°' ^-{Si-S5}\Zi\°' ^^-{Si-S2}\z-Zi\" ^-{S2-S3)\Z2\" ^-{S2-S4)\z-Zi-Z2\'' 

jRSd 

xe^'l^l e"^"^"^""^' ip{zi)(f{z2)(f{z — zi~Z2)(f{z)dz2dzidz. 
Once again we change the order of integration 

R = T-^logT-^ ip{zi)ip{z2)ip{z - zi - Z2)ifiz)Qdz2dzidz, (3.56) 

where 



+ 00 fT pSi pSi fS2 PS2 pT 



g -2i|zrg-(T-Si)|2|°g-(si-S..s)|zi|°g-(si-S2)|2-Zi|°g-(s2-S3)|z2|'= 



^0 JO JO Jo Jo Jo 



xe 



-is2—Si)\z-Zl-Z2\" ~{T — S6)\ 



Xt{T - S5)xt{T - S3)xt{T - S4)xT(r - Se)ds6ds4ds3ds2ds5dsidl. 



By applying inequality l|3.47p to the integral with respect sg we get 

r' + OO />T psi pSl />S2 rS2 



< ClT(t - S 




^~{S2-S3)\Z2\'' -(S2-S4)\z-Zi-Z2\ 



g -2/|zrg-(T-Si)|zrg-(si-S5)|zirg-(si-S2)|z-Zi 



Xt(T - S5)xt(T - S3)xt(T - Si)dsids3ds2ds5dsidl. 



Next we utiHze l|3.49p to ehminate the integral with respect to S5 



Q<C2T{t-s)j^ 



1 - e 



-T|2i|° 



-foe />T />Si />S2 /'S2 



g -2i|z|°g-(T-si)|zrg-(si-S2)|z-zit° 



Jo Jo Jo JO 



xe 



-(S2-S3)|z2r -(S2-S4)|2-Zl-Z2r 



XT(r - S3)xt(7' - Si)dsids3ds2dsidl. 



Once again we use p.47p this time to the integral with respect to S4 
1 



Q < C3(t-S)^T 



^ll 



i_g-TNr 



+ 00 />T />Si />S2 

^0 Jo "'0 



g-2i|zrg-(T-Si)[zrg-(si-S2)|z-Zi|° 



xe 



— (S2 — S3)|z2r 



XT(r - S3)ds3ds2dsidl. 



Finally we apply l|3.49p to the integrals with respect to S3, S2, si consequently 
and integrate with respect to I 



Q < C4(t - s)^T^ 



l^il 



i_g-T|zir 



1 



1 



\Z2r \Z-Zi\ 



i_g-T|z-zir 



1 



\2a 



l-e-^l^l° 
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We return to l|3.56p 



R < C5{t - s)"^ logT ^ / ^(zi)^(z2)(^(z - Zi - Z2)^(z)- 



21 



1 



1 



1 - e 



-T\z-zi 



The integral with respect to Z2 is bounded 



1 1 









1 - e-^ 1''^ 
dz2dzidz 



R < ceit-syiogT' 

jR2d 1^1 

Using inequaUty l|3.54p we obtain 



z - Zl 



^(z) 



|2a 



l_e-T|zr 



i?< c7(t-s)2iogr~i 

We complete the proof by applying p.53p and arriving at 

i? < csit - sf. 



dz. 
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